Faraday rotation is one way to realize quantum non-demolition measurement of electron spin in quantum dots. To describe Faraday rotation, semiclassical models are typically used, based on quantized electron spin states and classical electromagnetic elds. Such treatments neglect the entanglement between electronic and photonic degrees of freedom that produce intrinsic quantum noise, limiting the ultimate sensitivity of this technique. We present a fully quantum-mechanical description of Faraday rotation, and quantify this intrinsic noise. A method for measuring the purity of a given spin state is suggested based on this analysis.
INTRODUCTION
The rst step to realizing coherent manipulation of a single electron spin is to orient the spin. Such orientation can be achieved optically (by exciting with circularly polarized light) [3] , electrically (by driving the electrons toward a ferromagnetic surface) [4] or thermodynamically (by application of a uniform magnetic eld at low temperatures). Photoluminescence (PL) allows for measurement of electron spin polarization through the relation between the circular polarization of light and electron spin orientation. However, PL is destructive in that it involves recombination of the electron with a hole. PL measurements are intrinsically limited by the lifetime of the state, and it is not possible to monitor electron spin continuously. Furthermore, unless one uses a technique such as time-resolved upconversion [5, 6, 7] or streak camera measurements, dynamical information is lost.
Time-resolved Faraday and Kerr rotation methods
(hereafter referred to as Faraday rotation) have been extensively developed [8, 9, 10] , and allow one to probe the spin dynamics of a single electron in a quantum dot. Faraday rotation results from a fundamental interaction between electronic and photonic degrees of freedom. Seigneur et al. [11] have proposed a scheme to implement quantum computation by using the single pho- 
The electron state is quantized as well. We assume that the electron resides in the conduction band quantumconned ground state in an s orbital, which means it has total angular momentum J = 1 2
. In the valence band, the electronic ground states are constructed from p-orbitals, and hence the total angular momentum is J = 3 2
. The
Hamiltonian for the electron is given by [20] H e = ω e (σ uz + σ dz ),
where
subscript "c" and "v" indicate conduction band and valence band respectively; subscripts "u" and "d" refer to spin-up or spin-down states of the electron. The fermion operators satisfy anticommutation relations: 
The full Hamiltonian of the entire system is given by
By applying the Wigner-Eckart theorem, it can be shown that the two coupling strengths λ Lu and λ Rd must be equal (λ Lu =λ Rd ≡λ). Based on the dening anticommutation relations, it can be explicitly shown that σ µz ,σ µ+ and σ µ− have the following commutation relations
These commutation relations for σ µz ,σ µ+ and σ µ− are formally identical to those for the Pauli operators, even though they are actually products of fermionic creation and annihilation operators. This feature makes it possible to nd an analytic solution within the Heisenberg picture [21] . In the limit where the coupling strength is much smaller than the incident photon frequency or the characteristic frequency of the electron, the approximate solution for photon operators is as follows:
FIG. 2:
The left gure shows the polarization ellipse in real space. The right gure is the Stokes representation of the same polarization. 
In electrodynamics, the polarization of light can be parameterized by two angles ϕ and χ in the polarization ellipse. There is a one-to-one correspondence between the polarization-ellipse representation and the Stokes representation ( See FIG. 2) .
Once the light eld is known, the Stokes parameters can be computed. The physical interpretation of S 0 is the light intensity; hence, all parameters can be normalized to S 0 ( See FIG. 3 See FIG. 4 ). This vector P is conned to the plane as long as there is no circular dichroism that can lead to a non-zero expectation value for S 3 .
In our calculations, we aim to reproduce the overall magnitude of the rotation angle that has been reported in experimental work [8, 9, 10] . The experimentally observed rotation angle is small: θ F ∼ 10 −5 rad. Hence, it can be expressed as 
In order to start with +45
• linearly polarized light, the following condition must be satised
To describe the mixed state of electron, a density matrix formula is employed.
Here, τ is a parameter that varies between 0 and 1. For τ = 0 and τ = 1, one has a pure state, while τ = 1/2 corresponds to a fully mixed (unpolarized) state. Because the electron Hamiltonian is expressed in terms of creation and annihilation operators, caution must be taken when applying those operators onto electron state. When operators for spin-up electron are applied to the spin-up state, one obtains
and
and 
The initial state of the whole system is then
According to the solution (4) and (5), the analytical expression for S 1 and S 2 can be obtained and the expectation values calculated < S 1 >= T r(S 1 (t)ρ 0 (τ )),
The rotation angle is given by
After some algebra, one nds the following expression for the Faraday rotation:
where δ ≡ ω P − ω e . For initial pure spin-up state τ = 1, the rotation angle is For initial pure spin-down state τ = 0, the rotation angle
The uctuation is given by
From (11), (12) and (13), the following intuitive result can be proven very easily:
where θ + (θ − ) is the Faraday rotation angle for an initial state which is a pure spin-up (spin-down) state.
An analytical derivation shows that the uctuation is a function of both photon number and the initial electron state.
The second term under the square root is the so-called intrinsic noise term.
Numerical simulation is done so that we compare our analytical calculation to recent Kerr rotation experimental results on single electrons. From Berezosky et al. [8] , one nds from a PL plot that the energy for a neutral exciton is about 1.633meV. That corresponds to the band gap between the top of the valence band and the bottom of the conduction band. From this number, the frequency ω e = E = 2.48 × 10 15 Hz. Choosing probe light of wavelength 760nm, which means the frequency is ω P = 2.47 × 10 15 Hz. From the paper [30] , one can take the value of the coupling strength to be λ = 98GHz. In our experiment, the probe power is about 1.57µW, the corresponding photon number is about 5 × 10 
).
In the limit of a large number of photons (i.e., where shot noise can be neglected), the above expression sim-
The above analysis is based on the assumption that every device in the experiment is perfect, and the noise is only introduced by quantum state of the electron spin The above equation therefore becomes
. (19) Notice that in the above equation, ∆θ M is the "real"
noise we see at the extreme points of the rotation angle in the actual experiment. This noise has two sources:
external noise, which is ∆θ B and intrinsic noise, which is ∆θ F . In the actual experiment, ∆θ M should be larger than ∆θ B due to the fact that the pump for the electron spin is not perfect, therefore the spin that interacts with 
